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Isolated singularities of the prescribed mean curvature
equation in Minkowski 3-space
Jose´ A. Ga´lvez, Asun Jime´nez, and Pablo Mira
Abstract. We give a classification of non-removable isolated singularities for
real analytic solutions of the prescribed mean curvature equation in Minkowski
3-space.
1. Introduction
In this paper we study non-removable isolated singularities of the following
quasilinear, non-uniformly elliptic PDE in two variables:
(1.1) (1− z2y)zxx + 2zxzyzxy + (1− z2x)zyy = 2H(1− z2x − z2y)3/2,
where H = H(x, y, z) is a Ck positive function (k ≥ 1) and z = z(x, y) satisfies the
ellipticity condition z2x + z
2
y < 1. The solutions of this equation have a geometric
interpretation, since they represent spacelike graphs of prescribed mean curvature
H in the Lorentz-Minkowski space L3.
More specifically, we will consider elliptic solutions z(x, y) to (1.1) that are C2
on a punctured disk
Ω = {(x, y) : (x− x0)2 + (y − y0)2 < ρ2} ⊂ R2,
and do not extend smoothly to the puncture. The radius ρ of Ω is irrelevant here,
since we will consider two solutions z1, z2 in the above conditions to be equal if
they coincide in a punctured neighborhood of (x0, y0).
Our aim is to describe in detail the asymptotic behavior of elliptic solutions
z(x, y) to (1.1) around such a non-removable isolated singularity, and to classify
the associated moduli space.
In [2] Bartnik proved that if z(x, y) is an elliptic solution to (1.1) that presents
a non-removable singularity at the origin, then it has a conelike behavior: z extends
continuously to the origin (say, z(0, 0) = 0), and
lim
(x,y)→(0,0)
|z(x, y)|√
x2 + y2
= 1,
i.e. z(x, y) is asymptotic at the origin to the upper or lower light cone; see e.g.
Figure 1 for an example of this situation.
The case H = 0 in (1.1) corresponds to the well-studied situation of maximal
surfaces in L3. A description of the asymptotic behavior of maximal surfaces around
non-removable isolated singularities was obtained by Ferna´ndez, Lo´pez and Souam
through the Weierstrass representation of such surfaces, see Lemma 2.1 in [8]. For
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other works about isolated singularities of maximal surfaces, see [5], [15], [7], [6],
[14], [21].
In the constant mean curvature case we refer to [3] and [20] for previous results
concerning singular surfaces.
Our main result in this paper gives a classification of the elliptic solutions to
(1.1) that have a non-removable isolated singularity at the origin, in the case that
H = H(x, y, z) is real analytic and the curvature of the graph z = z(x, y) in L3
does not vanish around the singularity:
Theorem 1. Let O ⊂ R3 be a neighborhood of some point p0 = (x0, y0, z0),
and let H ∈ Cω(O), H > 0.
Let A1 denote the class of all elliptic solutions z(x, y) to (1.1) that satisfy the
following conditions:
(1) z ∈ C2(Ω), where Ω ⊂ R2 is some punctured disk (of any radius) centered
at (x0, y0).
(2) z ∈ C0(Ω), with z(x0, y0) = z0.
(3) The Hessian determinant zxxzyy − z2xy does not vanish around (x0, y0).
Here, we identify two elements of A1 if they coincide on a neighborhood of (x0, y0).
Then, there exists an explicitly constructed bijective correspondence A1 7→ A2
between the class A1 and the class A2 of 2pi-periodic, real analytic, nowhere van-
ishing functions A(u) : R→ R \ {0}.
Let us make some comments about this theorem. The correspondence A1 7→
A2 in the statement of Theorem 1 associates to each solution z(x, y) a function
A(u) ∈ A2 that describes the asymptotic behavior of the solution at the singularity,
when we parametrize the graph z = z(x, y) with respect to adequate conformal
coordinates (u, v). The injectivity of the bijective correspondence A1 7→ A2 implies
that A(u) uniquely determines the solution z(x, y), while surjectivity gives a general
existence theorem for non-removable isolated singularities to (1.1).
We should note that the real analyticity of H is used in the proof in order to
ensure the previous existence and uniqueness properties. However, in the proof of
Theorem 1 we will also provide a detailed description of the asymptotic behavior
of the solution z around a non-removable singularity, in the general case that H is
only of class Ck,α.
The fact that z ∈ C0(Ω) in condition (2) of the statement of Theorem 1 follows
from ellipticity. Hence, this second condition simply prescribes, for definiteness,
that the continuous extension to z to the puncture has value z0.
Condition (3) in the statement of Theorem 1 is equivalent to the property that
the Gaussian curvature of the graph z = z(x, y) does not vanish around the sin-
gularity. We should point out that all known examples of non-removable isolated
singularities of (1.1) (in particular, all examples given by the existence part in The-
orem 1) have the property that their Gaussian curvature blows up at the singularity.
In this sense, it is tempting to conjecture that Theorem 1 should still hold without
this curvature condition.
The proof of Theorem 1 is inspired by ideas developed by the authors in their
previous works [10, 11] on isolated singularities of elliptic Monge-Ampe`re equa-
tions, and depends on a blend of ideas from surface theory, complex analysis and
elliptic theory. The basic idea is to reparametrize the graph of any solution to (1.1)
with respect to adequate conformal parameters, so that the punctured disk where
the graph is defined transforms under this reparametrization to an annulus (with
one boundary component of the annulus corresponding to the singularity), and so
that (1.1) transforms under this process to a quasilinear elliptic system. In these
new coordinates, we will solve a Cauchy problem for this quasilinear elliptic system
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with adequate initial data, and the solution will provide the desired results about
existence, uniqueness and asymptotic behavior of the solution.
We should also observe that there are crucial differences of the situation treated
in this paper with respect to our previous works [10, 11] on elliptic Monge-Ampe`re
equations. In fact, even though (1.1) is quasilinear, it is not uniformly elliptic. More
specifically, in our situation the uniform ellipticity condition is lost precisely at the
isolated singularity, and this is a source of considerable complication, specially in the
characterization of the conformal structure of a non-removable isolated singularity
to (1.1).
Another difference with respect to previous works concerns the role of limit
cones. Indeed, any elliptic solution to the Monge-Ampe`re equation det(D2u) =
f(x, u,Du) has positive curvature, and it converges to a limit convex cone at any
non-removable isolated singularity, see [10]. This cone describes the asymptotic
behavior of the solution at the singularity. In contrast, any solution to (1.1) is
asymptotic to the light cone, so in this case the tangent cone at the singularity
does not distinguish different solutions of (1.1). In this sense, some other object
other than tangent cones was needed in order to describe the moduli space of non-
removable isolated singularities of (1.1).
We have organized the paper as follows. In Section 2 we introduce basic geomet-
ric notions and equations regarding spacelike surfaces of prescribed mean curvature
in L3, when parameterized with respect to conformal parameters.
In Section 3 we prove that if z(x, y) is a solution to (1.1) with an isolated
singularity at the origin, and whose Gaussian curvature does not vanish around the
singularity, then the singularity is removable if and only if the associated conformal
structure of the graph z = z(x, y) is that of a punctured disk. This is the only place
of the proof where the curvature condition (3) in Theorem 1 is needed.
In Section 4 we will introduce a special conformal parametrization (u, v), de-
fined on a horizontal quotient strip, around any non-removable isolated singularity
of (1.1), and we will show that the asymptotic behavior of the solution around the
singularity depends on a certain periodic real function A(u). This will allow us to
define the map A1 7→ A2 in the statement of Theorem 1.
In Section 5 we will show how to reverse this process, by constructing from
a real analytic periodic real function A(u) an associated solution to (1.1) with a
non-removable isolated singularity. Finally, in Section 6 we will gather the results
of the previous sections to prove Theorem 1, and we will discuss some consequences
and particular examples.
2. Surfaces of prescribed mean curvature in L3
Let L3 denote the Minkowski three-dimensional space, i.e. the vector space R3
endowed with the Lorentzian metric
(2.1) 〈·, ·〉 = dx2 + dy2 − dz2
in canonical coordinates (x, y, z) of R3. An immersion ψ : M2 → L3 from a surface
into L3 is called spacelike if the metric ds2 := ψ∗(〈·, ·〉) induced on M via ψ is
Riemannian. Equivalently, the surface is spacelike if its tangent plane is a spacelike
plane of L3 at every point.
A spacelike surface in L3 is locally a graph with respect to any timelike direction
of L3; in particular, we may view ψ around each point p ∈ M as a map ψ(x, y) =
(x, y, z(x, y)) where the graph function z satisfies z2x + z
2
y < 1 at every point due to
the spacelike condition.
If ψ : M → L3 is a spacelike surface, we will denote its upwards-pointing
unit normal vector field as G = (G1, G2, G3) : M → H2 = {(x, y, z) ∈ L3 : z >
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0, x2 + y2 − z2 = −1}. Note that G takes values in the hyperbolic space H2, and
so it is a unit timelike vector field at every point. The Gauss map of ψ is given by
the composition
(2.2) g = pi ◦G : M → D := {(x, y) : x2 + y2 < 1},
where pi : H2 → D is the stereographic projection in L3, given by, pi(x, y, z) =
(x− iy)/(1 + z).
If ψ : M → L3 is a spacelike surface, we can regard naturally M as a Riemann
surface with the conformal structure determined by its induced metric ds2. Let
w = u + iv be a conformal parameter on M , so that ds2 = Λ|dw|2 for some
positive function Λ. It is well known then that ψ satisfies in terms of the conformal
parameters (u, v) the quasilinear elliptic system
(2.3) ψuu + ψvv = 2Hψu × ψv,
where × is the standard cross product in L3, given by 〈a× b, c〉 = −det(a, b, c), and
H is the mean curvature function of the surface.
In [1] Akutagawa and Nishikawa studied the Gauss map of a conformally
parametrized spacelike surface in L3 in terms of its Gauss map. In particular,
if w = u + iv denotes a complex conformal parameter for a spacelike surface
ψ : M → L3, it was proved in [1] that the Gauss map g and the mean curva-
ture H of ψ satisfy the complex elliptic PDE
(2.4) H
(
∂2g
∂ww
+
2g
1− |g|2
∂g
∂w
∂g
∂w
)
=
∂H
∂w
∂g
∂w
.
In particular, if H is a constant different from zero, (2.4) reduces to
(2.5)
∂2g
∂ww
+
2g
1− |g|2
∂g
∂w
∂g
∂w
= 0,
that is, g : M → D becomes a harmonic map into the Poincare´ disk.
Akutagawa and Nishikawa also gave in [1] a Weierstrass-type representation
formula for conformally immersed spacelike surfaces ψ : M → L3 of non-zero mean
curvature that allows to recover the immersion ψ in terms of its Gauss map g and
its mean curvature function H as
(2.6)
xw =
gw(1 + g
2)
H(1− |g|2)2
yw = −i gw(1− g
2)
H(1− |g|2)2
zw =
2gwg
H(1− |g|2)2 .
Assume now that the spacelike surface ψ : M → L3 is a graph z = z(x, y) ∈
C3(U) over some planar domain U ⊂ R2 (this is the case if z(x, y) is a C2 solution
to (1.1) and H = H(x, y, z) is C1,α by [17]). In this situation, by the uniformization
theorem for nonanalytic metrics [18] we know that the change of coordinates
(2.7) Φ : U → G := Φ(U) ⊂ R2, (x, y) 7→ Φ(x, y) = (u(x, y), v(x, y)),
that relates the parameters (x, y) with the conformal coordinates (u, v) is a C2
diffeomorphism with positive Jacobian. Also, if we denote
(2.8) a = 1− z2y , b = zxzy, c = 1− z2x, Σ = ac− b2 = 1− z2x − z2y > 0,
and view a, b, c,Σ as functions depending on the coordinates (u, v) via the inverse
change Φ−1, the following equivalent Beltrami systems are satisfied
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(2.9)(
xv
yv
)
=
1√
Σ
(
b −a
c −b
)(
xu
yu
)
,
(
yu
yv
)
=
1
a
(
b −√Σ√
Σ b
)(
xu
xv
)
.
Note that if U ⊂ R2 is a punctured disk, G will be a domain in R2 ≡ C that is
conformally equivalent to either the punctured disk or a certain annulus.
3. Removability of isolated singularities of prescribed mean curvature
Definition 1. Let H be a function defined on an open set O ⊂ L3, and ψ :
M → O ⊂ L3 be a C2 spacelike surface in L3 with upwards-pointing unit normal.
We say that ψ has prescribed mean curvature H if the mean curvature function H
of ψ satisfies H(p) = H(ψ(p)) for every p ∈M .
Note that if a spacelike graph (x, y, z(x, y)), (x, y) ∈ U ⊂ R2, has as a prescribed
mean curvature a locally Ck,α function H then z(x, y) is a solution to (1.1) that
satisfies the ellipticity condition z2x + z
2
y < 1 on U .
From now on we will work with solutions z(x, y) to (1.1) in a punctured neigh-
borhood of the origin. Observe that in this case the ellipticity condition z2x+z
2
y < 1
implies that z(x, y) has a continuous extension to the origin. Hence we will suppose
that z(0, 0) = 0, the open set O ⊂ L3 contains the origin and z(x, y) is defined over
a punctured disk Ω = {(x, y) : 0 < x2 + y2 < ρ2}.
The following lemma concerns the asymptotic behavior of the gradient of z.
Lemma 1. Let z ∈ C2(Ω) be an elliptic solution to (1.1) defined on the punc-
tured disk Ω ⊂ R2, and assume that the Gaussian curvature of the spacelike graph
z = z(x, y) in L3 does not vanish around the singularity. If the singularity at
the puncture is non removable, then the map µ into the open unit disk given by
µ(x, y) = (zx(x, y), zy(x, y)) is univalent and proper in a closed punctured neigh-
borhood of the origin.
Proof. Since the Gaussian curvature of the graph z = z(x, y) does not van-
ish around the origin, it follows that µ is a local diffeomorphism in a punctured
neighborhood of the origin. On the other hand, as observed in the previous section,
z ∈ C3(Ω), and since the singularity of z is not removable, a theorem by Bartnik
(cf. [2]) states that the graph of z must be asymptotically tangent to the upper
null cone N2+ := {(x, y, z) ∈ L3 : z > 0, x2 + y2− z2 = 0} or to the lower null cone
N2− := {(x, y, z) ∈ L3 : z < 0, x2 + y2 − z2 = 0} at the singularity. That is, µ is
proper into the open unit disk.
Therefore, there exists an R > 0 and an annulus A = {(p, q) ∈ R2 : R2 <
p2 + q2 < 1} such that the map µ : µ−1(A) −→ A is a covering map.
Finally we are going to prove that the number of sheets of the covering µ is
equal to 1. As mentioned before, the graph of z is tangent to one of the null cones
at the singularity, so assume, for instance, it is tangent to N2+. Then, for all ε > 0
small enough, the curve γε = {(x, y, z(x, y)) : z(x, y) = ε} is embedded and its
degree is equal to 1. Moreover, the vertical projection of the upward unit normal
G(γε) = (
µ√
1−|µ|2 ,
1√
1−|µ|2 )(γε) to the graph is perpendicular to the planar curve
γε. Thus, the degree of µ/|µ| is equal to 1 and an elementary topological argument
gives us that the number of sheets must be 1. 
Let ds2 denote the induced metric of the graph z = z(x, y) as a spacelike surface
in L3. By uniformization, (Ω, ds2) is conformally equivalent to either the punctured
disk D∗, or to some annulus Ar = {ζ ∈ C : 1 < |ζ| < r}.
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The next lemma is a removable singularity result. It relates the conformal
structure of (Ω, ds2) to the possibility that the solution z(x, y) extends smoothly
across the puncture.
Lemma 2. Let z ∈ C2(Ω) be an elliptic solution to (1.1) defined on the punc-
tured disk Ω ⊂ R2, and assume that the Gaussian curvature of the spacelike graph
z = z(x, y) in L3 does not vanish around the singularity. If (Ω, ds2) is conformally
equivalent to a punctured disk, then the function z(x, y) extends C2-smoothly across
the puncture. That is, z has a removable singularity at the puncture.
Proof. First, note that we can choose ρ > 0 in the definition of Ω such that
z is also C2 at its exterior boundary.
Let us denote p = zx, q = zy, r = zxx, s = zxy, t = zyy.
We argue by contradiction. Assume that z has a non-removable isolated singu-
larity at the origin, and that (Ω, ds2) is conformal to the punctured disk D∗. Define
the map µ̂ : (u, v) 7→ (p, q)(u, v) : D∗ → R2. We prove next that µ̂ ∈W 1,2(D∗).
By using (1.1) and (2.9) we have that
|∇µ̂|2 = xuyv − xvyu√
1− p2 − q2
(
H(r + t)(1− p2 − q2)3/2 + (2− p2 − q2)(−rt+ s2)
)
.
Let Ω′ b Ω be a domain and consider ε > 0 such that Ω′ ⊂ Aε := {(x, y) : ε <
x2 + y2 < ρ2}, then we can estimate
(3.1)∫
Ω′
1√
1− p2 − q2
(
H(r + t)(1− p2 − q2)3/2 + (2− p2 − q2)(−rt+ s2)
)
dxdy
≤
∫
Aε
H(r + t)(1− p2 − q2)dxdy +
∫
Aε
2− p2 − q2√
1− p2 − q2 (−rt+ s
2)dxdy.
By Stokes’ theorem applied to the vector field H(1− p2 − q2)(p, q) we obtain∫
Aε
H(r + t)(1− p2 − q2)dxdy =
=
∫
∂Aε
H(1− p2 − q2)〈(p, q), ν〉dl −
∫
Aε
〈(p, q),∇(H(1− p2 − q2))〉dxdy
≤ C0 −
∫
Aε
(pHx + qHy)(1− p2 − q2)dxdy + 2
∫
Aε
H(p2r + 2pqs+ q2t)dxdy
for a certain constant C0 > 0, where ν is the exterior unit normal to ∂Aε and we
have estimated |〈(p, q), ν〉| ≤ 1.
On the other hand, by (1.1),
2
∫
Aε
H(p2r + 2pqs+ q2t)dxdy =
= 4
∫
Aε
H2(1− p2 − q2)3/2dxdy − 2
∫
Aε
H(r + t)(1− p2 − q2).
With all this we deduce that∫
Aε
H(r + t)(1− p2 − q2)dxdy ≤
≤ C0
3
− 1
3
∫
Aε
(pHx + qHy)(1− p2 − q2)dxdy + 4
3
∫
Aε
H2(1− p2 − q2)3/2dxdy.
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Thus, since H is smooth in O, if we let ε → 0 and recall that p2 + q2 < 1 by
ellipticity, we may conclude that the first integral in the last line of (3.1) is bounded
from above by a constant independent of Ω′.
On the other hand, by Lemma 1, we can use a change of variables to get∣∣∣∣∣
∫
µ−1(A)
2− p2 − q2√
1− p2 − q2 (−rt+ s
2)dxdy
∣∣∣∣∣ =
∫
A
2− p2 − q2√
1− p2 − q2 dpdq =
(4−R2)
3
< +∞,
where A is the annulus {(p, q) ∈ R2 : R2 < p2 + q2 < 1} given by the proof of
Lemma 1. In particular, the second integral in the last line of (3.1) is bounded by
an universal constant.
This proves that
∫
D∗
|∇µ̂|2dudv is bounded. Therefore, we can apply the
Courant-Lebesgue oscillation theorem [4, Lemma 3.1] to deduce that there exists a
sequence {τn}∞n=1 ⊂ R with τn ↓ 0 for n→∞ such that
lim
n→∞
∫
C(0,τn)
|dµ̂(u, v)| = 0,
where C(0, τn) denotes the circle of radius τn centered at the origin. That is, the
sequence of closed curves {µ̂(C(0, τn))} contained in the unit disk has a subsequence
collapsing into a point (p0, q0) of the closed unit disk when τn goes to zero. This
contradicts Lemma 1 and completes the proof of Lemma 2. 
4. Non-removable isolated singularities
In this section we will study the asymptotic behavior at an isolated singularity
of elliptic solutions to (1.1). More specifically, along this section, z ∈ C2(Ω) will be
an elliptic solution to (1.1) with z(0, 0) = 0. We will suppose that the conformal
type of the Riemannian metric (Ω, ds2) of the spacelike graph z = z(x, y) in L3 is
that of an annulus (i.e. (Ω, ds2) is not conformally equivalent to a punctured disk).
Observe that, since the conformal structure is that of an annulus then z(x, y)
does not extend C2-smoothly to the origin. Also, note that, by Lemma 2, the
condition of being a conformal annulus is guaranteed when z satisfies that zxxzyy−
z2xy does not vanish around the puncture, and z does not extend smoothly to the
the origin.
Let (u, v) denote conformal parameters for (Ω, ds2); since (Ω, ds2) is confor-
mally an annulus, we may assume that (u, v) vary in the conformal quotient strip
ΓR = {w ∈ C : 0 < Imw < R}/(2piZ)
for a certain R > 0. In this way, we can parametrize the graph {(x, y, z(x, y)) :
(x, y) ∈ Ω} as
(4.1) ψ(u, v) = (x(u, v), y(u, v), z(u, v)) : ΓR → L3.
Note that ψ extends continuously to R/(2piZ), with ψ(u, 0) = (0, 0, 0) for every
u. Thus, we are identifying the isolated singularity at the origin with the circle
{(u, v) : v = 0}/(2piZ) in the conformal parametrization. As explained in Section
2, this identification is defined by means of the diffeomorphism Φ in (2.7). For
convenience, the union of the annulus ΓR with its boundary given by R/(2piZ) will
be denoted by ΓR ∪ R.
4.1. A boundary regularity lemma. Observe that since ψ is a conformal
immersion of prescribed mean curvature H, we get from (2.3) that ψ satisfies the
elliptic quasilinear system
(4.2) ∆ψ = 2(H ◦ ψ)ψu × ψv.
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We use (4.2) to prove the following boundary regularity lemma:
Lemma 3. In the conditions above, assume that H ∈ Ck,α(O), k ≥ 1 (resp.
H ∈ Cω(O)). Then, the conformal immersion ψ(u, v) : ΓR → L3 extends to ΓR∪R
as a map of class Ck+2 (resp. as a Cω map).
Proof. It is well-known that since ψ(u, v) is of class C2(ΓR) and H is of class
Ck,α(O), from the elliptic equation (2.3) we have that ψ(u, v) is in fact of class
Ck+2(ΓR).
In order to check the differentiability at the boundary we will follow a boot-
strapping method. Consider an arbitrary point of R, which we will suppose with-
out loss of generality to be the origin. Also, consider for 0 < δ < R the domain
D+ = {(u, v) : 0 < u2 + v2 < δ2} ∩ ΓR.
The inequalities
(xu−yv)2+(xv+yu)2 ≥ 0, (xu−zv)2+(xv+zu)2 ≥ 0, (yu−zv)2+(yv+zu)2 ≥ 0,
lead respectively to
xuyv − xvyu ≤ 12 (|∇x|2 + |∇y|2),
xuzv − xvzu ≤ 12 (|∇x|2 + |∇z|2),
yuzv − yvzu ≤ 12 (|∇y|2 + |∇z|2).
From here, (4.2) and the fact that H is bounded yield
(4.3) |∆ψ| ≤ c|∇ψ|2
for a certain constant c > 0. Thus, we can apply Heinz’s Theorem in [13] to deduce
that ψ ∈ C1,α(D+ε ) for all α ∈ (0, 1), where D+ε = {(u, v) ∈ R2 : u2+v2 < ε2, v > 0}
for a certain 0 < ε < δ.
Hence the right-hand side of (4.2) is of class C0,α(D+ε ), from where a standard
potential analysis argument (cf. [12, Lemma 4.10]) ensures that ψ ∈ C2,α(D+ε/2).
A recursive process proves then that ψ is of class Ck+2,α at a neighborhood of the
origin. As we can do the same argument for all points of R and not just at the
origin, we conclude that ψ ∈ Ck+2(ΓR ∪R). In particular, if H ∈ C∞ we have that
ψ ∈ C∞(ΓR ∪ R).
To finish the proof, let us note that ψ ∈ Cω(ΓR ∪ R) if H ∈ Cω(O). This
is a direct consequence of (4.2) and [16, Theorem 3] (specifically, our situation is
covered by the case m = 0 in Theorem 3 of [16]). 
4.2. Study of the limit null curve. Let us denote by b(u) the 2pi-periodic
curve ψv(u, 0). It follows from Lemma 3 that b(u) is C
k+1−smooth (resp. ana-
lytic) if H ∈ Ck,α(O) (resp. if H is analytic). Besides, since (u, v) are conformal
parameters for the induced metric of the surface and ψ(u, 0) = (0, 0, 0), we have
〈ψv, ψv〉 = 〈ψu, ψu〉 = 0 at points of the form (u, 0). That is, b(u) takes its values
in N2+ ∪ {0} ∪ N2−.
Definition 2. We will call b(u) : R/(2piZ)→ N2+∪{0}∪N2− the limit null curve
at the singularity of the graph z = z(x, y) associated to the conformal parameters
(u, v).
The next result analyzes the geometric properties of this limit null curve.
Lemma 4. The limit null curve b(R) is a closed, spacelike Jordan curve in N2+
or in N2−.
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Proof. Using (2.9) we obtain
z2u+z
2
v = p
2(x2u+x
2
v)+q
2(y2u+y
2
v)+2pq(xuyu+xvyv) =
p2 + q2√
1− p2 − q2 (xuyv−xvyu),
where we are denoting p = zx, q = zy. Hence, from (4.2) we deduce that
(4.4) ∆z =
2H
√
1− p2 − q2
p2 + q2
(z2u + z
2
v).
Observe that from Lemma 1 there exists ε > 0 such that p2 + q2 ≥ ε > 0 close to
the origin. Moreover, because of Lemma 3 we obtain from (4.4) that
(4.5) |∆z| ≤ C|∇z|,
for a certain constant C > 0. We can now prove that b(u) 6= 0 ∀u ∈ R. Arguing
by contradiction, assume there exists a point u0 ∈ R such that b(u0) = 0. Then,
zv(u0, 0) = 0. Also, note that z(u0, 0) = 0 = zu(u0, 0).
From here, a standard nodal result (cf. Corollary 2 in [19]) applied to (4.5)
leads to the existence of two crossing nodal curves for z(u, v) at (u0, 0). One of
these curves could be the real axis, which corresponds to the isolated singularity
in this conformal parametrization. The existence of a second nodal curve gives a
contradiction with the fact that the graph z = z(x, y) converges asymptotically to
either N2+ ∪ {0} or to N2− ∪ {0} at the origin, by Bartnik’s theorem (cf. [2]). This
proves that b(u) 6= 0 for every u ∈ R.
Next we will prove that b(u) is a regular spacelike curve. Denoting w = u+ iv,
let us define
(4.6) ϑ(w,w) :=
gw
(1− |g|2)2 , F (w,w) := |g|
2 − 1.
From (2.6) we have
(4.7) ϑ =
H
2
(xw + iyw), g =
xw − iyw
zw
.
Hence, as b(u) ∈ N+ ∪N− and so 2zw(u, 0) = −izv(u, 0) 6= 0 for all u ∈ R, we have
that ϑ, g and F are well defined in a neighborhood of the real axis.
On the other hand, a simple computation using (2.4) leads to
Fww =
|Fw|2
|g|2 + F
2
(
ϑg
(
Hw
H
− gw
g
)
+ ϑg
(
Hw
H
− gw
g
))
− 2F (g2gwϑ+ g2gwϑ),
which by Lemma 3, implies that
(4.8) |Fww| ≤ C(|Fw|+ |F |),
for a certain constant C > 0. Moreover, from (4.2) and (4.7) we have the relation
(4.9) 4|Fwzw|2(u, 0) = 4|gwzw|2(u, 0) = 〈b′(u), b′(u)〉, ∀u ∈ R.
Thus, if there existed some u0 ∈ R such that 〈b′(u0), b′(u0)〉 = 0, since zw(u0, 0) 6=
0 we deduce from (4.9) that Fw(u0) = 0.
In that case, as F (u, 0) = 0 for every u ∈ R, nodal theory (cf. Corollary 2 in
[19]) applied to (4.8) would guarantee the existence of two crossing nodal curves of
F at u0. This would contradict the fact that the singularity at the origin is isolated,
and more specifically, the fact that ψ(u, v) is a spacelike immersion in ΓR .
Finally, we are going to prove that the limit null curve b(u) is embedded.
We deduce from Lemma 1 that g(u, 0) : R/(2piZ)→ S1 ⊂ C is injective, where
S1 denotes the complex numbers of modulus one. Denoting b = (b1, b2, b3), the
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second formula in (4.7) shows that
(4.10) g(u, 0) =
b1(u)− ib2(u)
b3(u)
,
from where we deduce that b(u) = b3(u)(g, 1) is a closed embedded curve since
b3(u) 6= 0. This concludes the proof of Lemma 4. 
Remark 1. In the situation above, since ϑ is well defined along the real line, we
have from (4.6) that gw vanishes identically at R. In addition, since |gw(u, 0)| 6= 0
from (4.9), we obtain that the Gaussian curvature of the graph (cf. [1])
(4.11) K = H2
( |gw|2
|gw|2 − 1
)
goes to +∞ at the puncture.
4.3. The canonical conformal parametrization. Let us point out that the
conformal parametrization (4.1) for the graph z = z(x, y) is not unique. Indeed,
assume that ζ = ζ(w) is a 2pi-periodic biholomorphism ζ(w) : V ⊂ ΓR → ΓR′
between a region V ⊂ ΓR such that exists ΓR′′ ⊂ V, for some R′′ > 0 small enough,
and some other ΓR′ , R
′ > 0. Then, ψ∗ := ψ ◦ ζ−1 : ΓR′ → L3 is also a conformal
parametrization of the graph z = z(x, y) around its isolated singularity at the
origin.
In addition, it can be easily checked that the limit null curve b(u) at the sin-
gularity (see Definition 2) associated to some conformal parameters (u, v) really
depends on this choice of a conformal parametrization for the graph z = z(x, y).
Nonetheless, in the case that z(x, y) is real analytic, we can use Lemma 4 to
fix a specific conformal parametrization for its graph. Specifically, in the proof of
Lemma 4 we showed that for any conformal parametrization (4.1), the Gauss map
at the singularity in these conformal parameters, given by g(u, 0), is a real analytic
bijective map
g(u, 0) : R/(2piZ)→ S1 ⊂ C
with |g′(u, 0)| 6= 0 for every u. Let s = s(u) be the reparametrization of g(u, 0) such
that g(u, 0) = g˜(s(u), 0) where g˜(s, 0) = cos s+ i sin s, and let ζ(w) denote the holo-
morphic extension of s(u), i.e. the unique holomorphic function with ζ(u, 0) = s(u)
for every u ∈ R. We note that ζ(u) exists by real analyticity of g(u, 0). Moreover,
by the 2pi-periodicity of g(u, 0) it is clear that ζ(w) defines a biholomorphism be-
tween some V ⊂ ΓR, with ΓR′′ ⊂ V for R′′ > 0 small enough, and some other ΓR′ ,
R′ > 0. In other words, we can choose the conformal parameters (u, v) in (4.1) in
such a way that g(u, 0) = cosu+ i sinu. Besides, it easily follows from (4.10) that
in these conditions the limit null curve b(u) of the graph z = z(x, y) with respect
to this specific conformal parametrization is given by
b(u) = A(u)(cosu,− sinu, 1) : R/(2piZ)→ N2+ ∪ N2−,
for some real analytic, nowhere vanishing 2pi-periodic function A(u) (the fact that
A(u) 6= 0 comes directly from the fact proven above that b(u) 6= 0 at every u ∈ R).
As a consequence we obtain the next lemma.
Lemma 5. Assume H ∈ Cω(O), H > 0, and let z ∈ C2(Ω) be an elliptic
solution to (1.1) whose associated conformal structure is that of an annulus. Then,
z ∈ Cω(Ω) and there exists a unique 2pi-periodic conformal parametrization
ψ(u, v) : ΓR → L3
of the graph z = z(x, y) around the origin such that ψ extends analytically to ΓR∪R
with
ψv(u, 0) = A(u) (cosu,− sinu, 1)
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for some nowhere vanishing 2pi-periodic real analytic function A(u).
We need to observe here that the uniqueness stated by Lemma 5 takes into
account the identification that we referred to in the introduction, that is, that
two solutions to (1.1) that overlap on a punctured neighborhood of the isolated
singularity are considered to be equal.
Definition 3. We call ψ(u, v) : ΓR → L3 in Lemma 5 the canonical conformal
parametrization of the graph of the solution z ∈ Cω(Ω) to (1.1).
5. Existence of conelike singularities with prescribed mean curvature
In this section we prove an existence theorem for solutions to (1.1) with a non-
removable isolated singularity at the origin, by prescribing the limit null curve of
the solution at the singularity with respect to its canonical conformal structure.
Theorem 2. Let H ∈ Cω(O), H > 0, and let A : R→ R\{0} be a 2pi-periodic,
real analytic function. Then, there exists a real analytic solution z ∈ Cω(Ω)∪C0(Ω)
to (1.1) defined on some punctured disk Ω around the origin, such that:
(1) The origin is a non-removable isolated singularity of z.
(2) The limit null curve of z = z(x, y) at the origin with respect to its canonical
conformal structure is given by b(u) = A(u)(cosu,− sinu, 1), u ∈ R.
(3) The Hessian determinant zxxzyy − z2xy does not vanish around the origin.
Proof. Let ψ(u, v) be the unique real analytic solution to the Cauchy problem
(5.1)

∆ψ = 2H(ψ)ψu × ψv,
ψ(u, 0) = 0,
ψv(u, 0) = b(u),
where H and b(u) are given as in the statement of Theorem 2. By uniqueness, such
a solution ψ is 2pi-periodic, and hence it can be defined in a horizontal quotient
strip Γ̂R := {(u, v) : −R < v < R}/(2piZ), for R > 0 small enough. We will keep
the usual notation for ΓR, i.e. ΓR = Γ̂R ∩ {v > 0}.
The proof of the theorem will follow by proving the following claims.
Claim 1. The map ψ(u, v) : Γ̂R → L3 satisfies the conformallity conditions
(5.2) 〈ψu, ψu〉 = 〈ψv, ψv〉, 〈ψu, ψv〉 = 0.
Moreover, around points where 〈ψu, ψu〉 > 0 the map ψ defines a conformally im-
mersed spacelike surface in L3 whose mean curvature H is given by H(u, v) =
H(ψ(u, v)).
Proof of Claim 1. The conformal equations (5.2) are equivalent to the com-
plex equation 〈ψw, ψw〉 = 0, where w = u+ iv. Note that by the initial conditions
imposed in (5.1), we have 〈ψw, ψw〉(u, 0) = 0 for every u. Moreover, from the PDE
in (5.1) we see that 〈ψww, ψw〉 = 0, i.e. 〈ψw, ψw〉 is holomorphic. Since this function
vanishes along the real axis, we deduce that 〈ψw, ψw〉(w) = 0 globally on Γ̂R, as
wished.
Finally, around points where 〈ψu, ψu〉 > 0 it is clear that ψ is a spacelike
conformal immersion, which therefore satisfies the system (2.3) with respect to its
mean curvature function H = H(u, v). Comparing (5.1) with (2.3) we conclude
that H(u, v) = H(ψ(u, v)). This proves Claim 1. 
Claim 2. Choosing a smaller R > 0 if necessary, ψ : ΓR → L3 is a spacelike
immersion.
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Proof of Claim 2. By (5.1), and assuming that b(u) is as in the statement
of the theorem, we have
(ψu × ψv)v(u, 0) = ψuv × ψv(u, 0) = b′(u)× b(u) = A(u)b(u) 6= 0, ∀u ∈ R.
So, denoting (n1, n2, n3) := ψu×ψv we have n3(u, 0) = 0 and (n3)v(u, 0) = A(u)2 >
0. Then, if we write ψ = (x, y, z), we deduce that xuyv − xvyu = n3 > 0 in some
ΓR′ with R
′ ∈ (0, R). This proves that ψ : ΓR′ → L3 is a local graph in the
vertical direction, and in particular an immersion. Finally, that the immersion
ψ : ΓR′ → L3 is spacelike is easily deduced from the conformal conditions (5.2).
This proves Claim 2. 
Claim 3. Choosing a smaller R > 0 if necessary, ψ(ΓR) is a spacelike graph
z = z(x, y) in L3, defined on some punctured disk Ω ⊂ R2 around the origin.
Proof of Claim 3. Since ψ(u, v) is a local graph then the map Φ−1 : ΓR −→
R2 given by Φ−1(u, v) = (x(u, v), y(u, v)) is a local diffeomorphism. Moreover, since
Φ−1(u, 0) = (0, 0) and
lim
v→0
z(u0, v)
2
x(u0, v)2 + y(u0, v)2
=
zv(u0, 0)
2
xv(u0, 0)2 + yv(u0, 0)2
= 1,
we obtain that the immersion ψ(u, v) is tangent to the one of the null cones. A
standard topological argument asserts that Φ−1 is a covering map from an adequate
open set U ⊂ ΓR, with ΓR′ ⊂ U for R′ small enough, onto a punctured neighbor-
hood of the origin. So, in order to prove Claim 3 we need to show that the number
of sheets of this covering is one.
From the expression of b(u) and (4.7) we obtain that g(u, v) is real analytic up
to the real axis and g(u, 0) = cosu+i sinu. Hence, for every closed curve γ ⊂ ΓR∪R
homotopic to the circle given by the real axis satisfies that the degree of (g/|g|)(γ)
is one.
Since ψ(u, v) is tangent to one of the null cones, we can assume, for instance,
that it is tangent to N2+. Thus, observe that the number of sheets of the covering
map Φ−1 is equal to the degree of the planar curve γε given by ψ(u, v)∩{z = ε}, for
ε > 0 small enough. Again, as explained in the proof of Lemma 1, the degree of this
planar curve can be computed as the degree of (µ/|µ|)(γε) = (g/|g|)(γε). Therefore,
Φ−1 is a diffeomorphism from U onto its image as we wanted to show. 
With all of this, we have obtained a function z ∈ Cω(Ω) ∪ C0(Ω) such that
its graph z = z(x, y) in L3 can be conformally parametrized by the map ψ(u, v) :
ΓR → L3 that solves (5.1). As proved in Claim 1, the graph has prescribed mean
curvature given by H; thus, z is an elliptic solution to (1.1), with an isolated sin-
gularity at the origin, and z(0, 0) = 0 (since ψ(u, 0) = (0, 0, 0)). This singularity is
non-removable since the induced conformal structure is that of an annulus. From
Remark 1 zxxzyy − z2xy does not vanish around the origin since the Gaussian cur-
vature of the graph blows up at the origin.
Moreover, again by the initial conditions in (5.1) and the specific expression of
b(u), we see that ψ(u, v) is indeed the canonical conformal parametrization of the
graph z = z(x, y) (see Definition 3), and that b(u) is its limit null curve for this
parametrization. This finishes the proof of Theorem 2. 
6. Classification Theorem and examples
We next use our results of the previous sections to deduce the classification
result for non-removable isolated singularities of elliptic solutions to (1.1) stated in
Theorem 1. Theorem 3 below gives a more specific statement for such theorem.
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Theorem 3. Let O ⊂ L3 be a neighborhood of some point p0 = (x0, y0, z0),
and let H ∈ Cω(O), H > 0.
Let A1 denote the class of all elliptic solutions z(x, y) to (1.1) that satisfy the
following conditions:
(1) z ∈ C2(Ω), where Ω ⊂ R2 is some punctured disk (of any radius) centered
at (x0, y0).
(2) z ∈ C0(Ω), with z(x0, y0) = z0.
(3) The Hessian determinant zxxzyy − z2xy does not vanish around (x0, y0).
Here, we identify two elements of A1 if they coincide on a neighborhood of (x0, y0).
Let A2 denote the class of 2pi-periodic, real analytic, nowhere vanishing func-
tions A(u) : R→ R\{0}.
Then, the map that sends each z ∈ A1 to the height function A(u) of its limit
null curve at the singularity p0 with respect to its canonical conformal parametriza-
tion defines a bijective correspondence between A1 and A2.
Proof. Without loss of generality we can assume p0 = (0, 0, 0).
Consider the map Υ that sends each z ∈ A1 to the height function A(u) of
its limit null curve with respect to its canonical conformal parametrization. By
Lemma 5, Υ is a well defined map from A1 into A2. So, in order to prove Theorem
3 it remains to check that Υ : A1 → A2 is bijective.
Surjectivity is a consequence of Theorem 2, as follows. Consider A(u) ∈ A2,
and construct the curve
b(u) = A(u)(cosu,− sinu, 1) : R/(2piZ)→ N2+ ∪ N2−.
By Theorem 2, there exists an elliptic solution z ∈ Cω(Ω) ∪ C0(Ω) to (1.1) with
z(0, 0) = 0 satisfying (1), (2) and (3), that is, z ∈ A1. Note that by construction,
the map Υ : A1 → A2 defined above takes this function z ∈ A1 to the function
A(u) ∈ A2 we started with.
To finish we prove the injectivity of Υ. Let z1, z2 ∈ A1 and let ψ1(u, v), ψ2(u, v) :
ΓR → L3 denote their respective canonical conformal parametrizations. If Υ(z1) =
Υ(z2) = A(u) ∈ A2 then both ψ1, ψ2 are solutions to the Cauchy problem (5.1) with
the same analytic initial conditions. By uniqueness of the solution to the Cauchy
problem (5.1), we get ψ1(u, v) = ψ2(u, v). In particular, z1 = z2 on a neighborhood
of the origin. This proves injectivity and finishes the proof of Theorem 3. 
We remark that, geometrically, Theorem 3 can be restated as follows.
Theorem 4. Let H : O ⊂ L3 → (0,∞) be a positive real analytic function
defined on an open set O ⊂ L3 containing a given point p0 ∈ L3. Let A denote
the class of all spacelike graphs Σ in L3 with upwards-pointing unit normal that
have p0 as a non-removable isolated singularity, whose mean curvature at every
point a ∈ Σ ∩ O is given by H(a), and whose Gaussian curvature does not vanish
near p0; here, we identify Σ1,Σ2 ∈ A if they overlap on an open set containing the
singularity p0.
Then, the map that sends each graph in A to its limit null curve at the singu-
larity with respect to its canonical conformal parametrization provides a one-to-one
correspondence between A and the class B of regular, spacelike, negatively oriented
Jordan curves in the union of the positive and negative null cones N2+ ∪ N2−.
We say that H ∈ Cω(O) is rotationally symmetric around the point p0 if
H ◦ Iθ = H for all rotations Iθ : L3 → L3, θ ∈ [0, 2pi), with axis L equal to the
vertical line of L3 passing through p0. In this situation, we have:
Corollary 1. Assume that H ∈ Cω(O) is rotationally symmetric around the
point p0, and let Υ : A1 → A2 be the bijective correspondence given by Theorem
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3. Then, the subclass of radial graphs in A1 is mapped via Υ to the subclass of
constant, non-zero functions in A2.
Proof. If A(u) ∈ A2 is constant and H is rotationally symmetric, then the
solution ψ(u, v) to the Cauchy problem (5.1) is rotationally symmetric, since by
uniqueness of the solution and rotational symmetry of the initial data it satisfies
(6.1) Iθ(ψ(u, v)) = ψ(u+ θ, v)
for every θ ∈ [0, 2pi). And conversely, it is easy to check that if H is rotationally
symmetric and z ∈ A1 is an elliptic radial solution to (1.1), then its canonical
conformal parametrization ψ(u, v) satisfies (6.1), and thus Υ(z) ∈ A2 is a constant
function. This easily implies by Theorem 3 that a graph z ∈ A1 with a non-
removable isolated singularity will be radial if and only if A(u) = Υ(z) ∈ A2 is
constant. 
Examples. Let us make the choices H = 1 and A(u) = ± 14 ∈ A2. In both
cases, the graph z ∈ A1 given by z = Υ−1(A(u)) in Theorem 3 is conformally
parametrized by the unique solution to the Cauchy problem (5.1).
By Corollary 1, this gives rise to radially symmetric elliptic solutions to (1.1),
and thus to rotationally invariant spacelike surfaces of constant mean curvature
H = 1 in L3.
We can parametrize such solutions ψ(u, v) to (5.1) as
ψ(u, v) = (cos(u)f(v),− sin(u)f(v), h(v)),
where, in the case A(u) = − 14 , f(v) = − 12 tan(v/2) and h(v) = − 12 (v − tan(v/2)).
In the case A(u) = 14 , the functions f(v) and h(v) are the unique solutions to the
following Cauchy problem:
f ′(v) = (1/16 + 3/2f(v)2 + f(v)4)1/2,
h′(v) = 1/4 + f(v)2,
f(0) = 0,
h(0) = 0.
In Figure 1 we show the surfaces obtained above.
(a) Case A(u) = −1/4. (b) Case A(u) = 1/4.
Figure 1. Radial spacelike graphs with constant mean curvature
H = 1 and a conelike singularity.
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